Abstract Momentum and angular distributions of charged meson pairs h + h − (h = π, K) from elementary atoms (EA) breakup (ionization) in the Coulomb field of a target atom is considered in the Born and Glauber approximations. Exploiting the fact that the atomic screening of the target Coulomb potential is important at small transfer momenta, while multi-photon exchanges are essential at large transfer momenta we express the cross sections of EA breakup as a sum of two terms. In the region of modest transfer momenta the cross section is determined by the single-photon exchange (first Born approximation) accounting for the target atoms screening, whereas at large transfer momenta using the unscreened potential allows to take into account all multi-photon exchanges and obtain the cross section of EA breakup in the close analytical form.
Introduction
The DIRAC experiment at Proton Synchrotron, CERN, have observed and studied relativistic hydrogenlike elementary atoms (EA) formed by pairs of π + π − and π ± K ∓ mesons (A 2π and A πK atoms, respectively). Determination of the ground-state lifetime of these atoms allowed one to obtain the difference of ππ (a 0 − a 2 ) and πK (a 1/2 − a 3/2 ) scattering lengths in the S state with isospin I = 0, 2 and I = 1/2, 3/2 correspondingly in a model independent way [1, 2, 3] . The method of EA observation proposed in [4] is based on detection of oppositely charged meson pairs h + h − (h = π, K) from EA breakup (ionization) in the Coulomb field of a target atom. Total cross sections of EA with target atoms as well as cross sections of transition between discrete states of EA and their breakup (ionization) were calculated in set of works [5, 6, 7, 8, 9, 10] and were used in calculations the EA lifetimes in the DIRAC experiment. A distribution of pairs from atoms breakup (atomic pairs) on their relative momentum in the rest frame has a scale of atomic Born momentum which is extremely small compared to haronic processes. This property was used to detect such pairs over the huge background of pairs produced directly in hadronic processes. In the current paper the relative momentum and angular distributions of atomic pairs are obtained in different approaches in order to confirm the approach used in the DIRAC experiment. The first attempts for numerical estimation of the breakup spectra of EA in different approaches were reported in [11] .
Here we obtained the general analytical expressions and consider the different approximations with the relevant calculations for the breakup spectra.
Dipole approach
The simplest way to get the relative momentum spectra of atomic pairs from EA breakup in the Coulomb field of target atoms is to use, so called, dipole approach in the first Born approximation. It was published in PhD Thesis [12] only, so here we present a short derivation of formulas to compare with more accurate approaches.
The cross section of π + π − atoms with target atoms in the first Born approximation [5] is written as:
Here p is the relative momentum of EA components in their rest frame, θ is the polar angle relative to the EA full momentum, α is the fine structure constant, β = v/c is the EA velocity, q is transfer momentum, F A (q) is the elastic form factor of the target atom, S p,i (p, q) is the EA transition form factor from the initial state i to the continues final state p which is expressed via EA wave functions as:
Substituting (2) in (1) we get the cross section as:
The product qr in the exponents are of the order 5 · 10 −2 because of q is limited by F A (q) and r limited by the size of initial state ψ i (r). Thus the exponents can be replaced by the linear expansion, so called dipole approach, and the cross section is expressed via two independent integrals:
where e = q/|q| is the unit vector. In this approximation the first integral divergent logarithmically and requires truncation at a high q, whereas the second integral provides the required distribution. Thus, in the dipole approach the relative momentum spectrum of atomic pairs is fully dictated by the EA wave functions. Using the pure Coulomb wave function (see discussion in [13] ) for the ground state (1S) we have:
where x is express via EA Bohr momentum p B as x = p/2p B and C is the normalization constant. For the initial state 2S the correspondent distribution is written as:
3 Spectra of mesons from the EA breakup
To obtain the spectra of mesons from EA ionization in the Coulomb field of the target atoms, we exploit the fact that the atomic screening is essential at small transfer momenta (large impact parameters), while the multiple photon exchanges are significant at large transfer momenta (small impact parameters) where one can safely neglect the atomic screening. Keeping in mind this observation let us represent the differential cross section for EA breakup in the Coulomb field of the target as a sum of two terms: the first one corresponds to the Born amplitude (single photon exchange) accounting for atomic screening in the Coulomb field of the target, whereas the second term accounts to all multiple exchanges of photons in unscreened Coulomb potential:
Here p is the mesons relative momentum in the final state in their rest frame and q = k − k the twodimensional transfer momentum. Remembering that the inverse screening radius of target atoms λ −1 ≈ m e αZ 1/3 (Z atomic number; m e electron mass), while the EA Bohr momentum is µα (µ = m 1 m 2 /(m 1 + m 2 ) EA reduced mass), the boundary momentum we choose as q 0 ∼ α(m e µZ 1/3 ) 1/2 . The general form of the relativistic EA ionization amplitude can be written in the eikonal approximation [14, 15] 
Here s is the projection of the distance between EA constituents r on the plane of the impact parameter b. The phase shift χ(b) is expressed via the Coulomb potential of the target atom U(r) in the standard way. The general form of EA wave function with n,l,m the principal, angular and magnetic quantum numbers reads [16, 17] 
with the radial part
Here, ω = µα/n, Φ(a, b, c) is the confluent hypergeometric function and L α β (x) are associated Laguerre polynomials. The wave function of the final (continuum) state has the form [17] 
Now we can proceed further considering Born and Glauber approximations separately.
Born approximation
In Born approximation the differential cross section of EA breakup in the Coulomb field of nuclei is expressed through the relevant form factors. Expanding the exponent in (8) and confining by the first order in χ leads to the double differential cross section of EA ionization in the following form:
The transition form factor from any discrete to continuum state defined by the equation
Usually [18, 19] in ionization form factors calculation the wave function of the final state expands in series of spherical harmonics reducing the problem to calculation of infinite number of transition form factors. In this approach only the finite number of terms can be taken into account, leading to necessity to estimate the error which one admit acting in such a way. On the other hand the ionization form factor for any discrete initial states can be represented in the closed analytical form as a finite sum of terms expressed through the classical Gegenbauer and Jacobi polynomials C λ n (x), P α,β n (x) and thus can be evaluated numerically with arbitrary degree of accuracy (for details see Appendix). In the final form they reads:
Making use equations (14) and (16) we calculated the double differential cross section for EA transition from initial S states with principal quantum numbers from n = 1 upto n = 10 to continuous spectra in the screened Coulomb field for the Ni target. For the numerical calculations we used the Moliere parametrization of the Thomas-Fermi potential energy
The result of such calculations is illustrated in Fig. 1  for 1S and 10S as 2D plots. 
Multiple exchanges
The amplitude of two pions dipole with transverse size s scattered with momentum transfer q on the Coulomb field with all multiple photon exchanges taking into account reads:
As was mentioned above the multiple exchanges are essential at small impact parameters, where one can safely used unscreened Coulomb potential. In this case the Coulomb phase difference takes the form [14] :
To proceed further let us employ the relation
and the integral representation of hypergeometric function
Making use this relations one gets
The last expression is a result of the replacement 2x − 1 → tanh ω. Substituting this expression in (18) one obtains the amplitude of dipole elastic scattering of the unscreened Coulomb field accounting to all multiple exchanges.
In calculating the overlap of wave function h f i (p, s) (10) we confined by the breakup of the EA ground state for which the wave function reads
Using the integral representation for the confluent hypergeometric functions (24) and the relation for the zero-order MacDonald function
and also substituting the expressions for initial (23) and final (13) wave functions in expression (10), we get
Using the expressions (22) and (26) one can carry out the integration in (10) with the result
t) .(29)
Changing the integration variable ω = ω + ω 0 by ω 0 which is determined from the relations:
we get
with
As a result we get
Expressions (27), (34) are the main result of our work. First time we obtain the close analytical expression for the ionization amplitude of ground state elementary atom in the Coulomb field accounting for all multiple exchanges of EA in its interaction with the target as well as all Coulomb interactions between two mesons in initial and final states.
Comparison and results
Let us compare the spectra of atomic pairs calculated in the different approaches mentioned above. Figures  2 and 3 show the relative momentum distributions of π + π − atomic pairs calculated for 1S and 2S initial states. Figures 4 and 5 show the angular distributions of π + π − atomic pairs calculated for 1S and 2S initial states. It is significant that even the simplest dipole approach gives the spectra very similar to ones calculated in more sophisticated approaches. Obviously, that this conclusion can be done only after all above calculations.
It is worth mentioning that the peak position in the relative momentum spectra are closed to the mean momentum of the initial atomic state. Thus the spectra become more narrow with increase of principal quantum number n (see also Fig. 1) , that is important for analysis of experimental data.
Significance of the difference in widths of relative momentum spectra calculated in different approaches can be evaluated at compression of these spectra with the experimental one. A typical relative momentum spectrum of π + π − atomic pairs detected in the DIRAC experiment is shown in Fig. 6 , which is a mixture of pairs broken from different atomic states, dominantly with small n and then detected. The simulated spectrum accounts numerically the population of atomic states, the relative momentum spectra of atomic pairs at breakup points, the particle multiple scattering of in the target and the resolution of detectors [24] . Considering that contributions of above-listed processes to the total spectrum width are summed quadratically we can made few conclusions. First, the relative momentum spectra at breakup points are significantly widen in the target and detectors. Nevertheless their contributions to the total width is not negligible, at least for few states with small n. Thus these spectra should be accurately accounted at calculation of the experimental number ππ-atom 1S dipole p MeV/c dσ/dp a.u. of atomic pairs. Second, the calculated spectra such as shown in Figs. 1-3 can not be never observed experimentally and the detailed difference between the Born and Glauber spectra can not be checked. Third, for some simplified estimation even the accuracy of dipole approach is enough.
Summary
The production of oppositely charged meson pairs in the breakup of relativistic EA interacting with matter has been considered. Making use the general expression for the creation amplitude of arbitrary continuous states, we obtain the analytical expressions for breakup spectra in the dipole and Born approximations. This allows to calculate the ionization spectra of EA scattered on screened Coulomb potential for arbitrary ini- tial states of EA and thus to investigate dependences on all quantum numbers of initial states.
We considered the multiple photon exchanges for breakup of the ground state of EA at scattering on the unscreened Coulomb potential and obtained the closed analytical expression for relevant spectra. Exploiting the fact that multiple photon exchanges is important at small impact parameters (large transfer momenta) where one can safely neglects the screening of the Coulomb potential, whereas the effect of screening is crucial for the Born term determined by large impact parameters, we obtain the analytical expression for the ground state of EA breakup cross section accounting for all multiple (Glauber) photon exchanges in the interaction with the target as well as all Coulomb interactions in initial bound state and final free meson pair. Using the obtained expressions we calculated the relevant spectra in different approaches.
Appendix A
Let us derive the ionization form factor S f i (q) defined by the equation
for the transferred momentum q, the EA wave function of the final (continuum) state, which must be choose as 
with the radial part R nl (r) = 2ω n−l−1 (2ωr) · exp(−ωr), ω = µα/n, (38) according to [16, 17] . Here, Φ is the confluent hypergeometric function and L 
where D 1,2 are given by
The further calculations are the same as in [23] . Omitting the simple but cumbersome algebra, we finally obtain
